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Motivation

® Granular flows commonly modeled using kinetic theory
® Existing kinetic theories are valid for:

» frictionless particles

» low to moderate solids fractions

® However, granular materials are frictional and often
densely packed

® Goal: To modify an existing kinetic theory' to handle
dense frictional flows

TGarzé, V., Dufty, JW. Phys. Rev. E 59, 5895 (1999). 2 /12



Kinetic theory equations

Garzo-Dufty kinetic theory for simple shear flow

Pressure Shear stress
2J pdry
p=ps[1+2(1+e)ogo] T T = ( )
VT ) FVT
Energy dissipation rate Steady-state energy balance
12 pogo 2\3/2 -
I = 1 — 2713/ L — 47 =0
ﬁ d ( € ) ,VT
F = F(e ¢)

J = J(e, ¢)
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Kinetic theory equations

Garzo-Dufty kinetic theory for simple shear flow

Pressure Shear stress
2J pdry
p=ps¢[1+2(1+e)pgo] T T = ( )
ovVm ) VT
Energy dissipation rate Steady-state energy balance
12 ppgo 2\3/2 -
I' = 1 — )73/ I' =47 =0
Important quantities: = F(e, ¢)
e Radial distribution function at contact gy = go(¢) J = J(e, o)

» Measure of packing
» Diverges at random close packing
® Restitution coefficient e
» Measure of dissipation
» Has strong effect on temperature 3 /12



Computational methodology

® Simulate particle dynamics of homogeneous assemblies
under simple shear using discrete element method (DEM).

» Linear spring-dashpot with
frictional slider.

» 3D periodic domain
without gravity

» Lees-Edwards boundary
conditions

® Extract stress and structural
information by averaging.

LAMMPS code. http://lammps.sandia.gov S. J. Plimpton.] Comp Phys, | 17, 1-19 (1995) 412


http://lammps.sandia.gov
http://lammps.sandia.gov
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® GD theory agrees with DEM results for dilute systems

® GD theory fails for dense systems

4

4

Predicts incorrect scaling of pressure with volume fraction
Cannot predict yield stress in close-packed limit

Derived from false assumption of uncorrelated,
isotropically-distributed collisions 5 /12
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® GD theory fails to capture DEM results for frictional particles

» Increased collisional stress in dense regime

» Increased dissipation in dilute regime
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® GD theory fails to capture DEM results for frictional particles
» Increased collisional stress in dense regime
» Increased dissipation in dilute regime

® Possible modifications

» Modified RDF at contact gy = go(¢, €, 1)

» Effective restitution coefficient! e.gq = eeff(e, ,u) > [
» Correction factors™ d; = 9;(¢, e, )

TJenklns J.T. and Zhang, C. Phys. Fluids 14, 1228 (2002).
*Jenkins, J.T. and Berzi, D. Granul. Matter 12, 151 (2010). 6 /12




Effective restitution coefficient . &.

I

® Can use dilute regime temperature to calculate
effective restitution coefficient

2.J (fd)? \/ 2.J (§d)?
p— off = ]_
15(1 — €2) T Ceff 15T
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Effective restitution coefficient . &.

I

® Can use dilute regime temperature to calculate
effective restitution coefficient

_ 27Gd)? [ 2iGap
T I5(1—e2) 0 T \/1

0.4

® Proposed form: s o —

—— Jenkins & Zhang (2002)
0.37| - - - Proposed model

0.8 1
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Effective restitution coefficient . &.

I

® Can use dilute regime temperature to calculate
effective restitution coefficient

_ 27Gd)? [ 2iGap
T I5(1—e2) 0 T \/1

10°

® Proposed form:

eeff:e_f(:u) C'EZ;/W‘«
e~

f(p) = 1.5ue =" 0]

107
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® Can capture temperature for frictional systems
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Radial distribution function: no friction . '&.

® Pressure

p=ps¢[1+2(1+e)pgo] T
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Radial distribution function: no friction . '&.

® Pressure

10 - - —

p=ps¢l+2(1+e)pgo| T ol =00 :' |
® Radial distribution function S e=07

» Carnahan-Starling’: S by
= P o®
cs _ 1—¢/2 o) o
90 (1 B ¢)3 . ® o
10 0 0:2 ¢O:4 O:G

TCarnahan, N.F., Starling, K.E.

J. Chem. Phys. 51, 635 (1969). 8/12



Radial distribution function: no friction . '&.

® Pressure 10° | | —_—
p=psPl+2(1+e)pgo] T . 1 =0.0 .T
® Radial distribution function |

» Carnahan-Starling’:

4O = 1 —¢/2
(1—¢)°
» Torquato (1995)*:
| o957 (9), ¢ < by
70 { 955 (05) =2, ¢ > ¢y

TCarnahan, N.F., Starling, K.E. *Torquato, S. Phys. Rev. E
J. Chem. Phys. 51, 635 (1969). 51, 3170 (1995). 8 /12



Radial distribution function: no friction . '&.

® Pressure
p=psp |1 +2(1+e)pgo] T

® Radial distribution function

» Carnahan-Starling’:

gCS = 1 —¢/2
S (1-¢)
» Torquato (1995)*:
oo — ggs(¢)’¢ ) ¢ < ¢
0 — c—
g(?s(¢f) ¢C_¢fa qb > ¢f
» Proposed form:
é )
_ OS5 a(ea :u)¢2
gO T g() ! 2 TCarnahan, N.F., Starling, K.E. *Torquato, S. Phys. Rev. E
9 (¢C D ¢) y J. Chem. Phys. 51, 635 (1969). 51, 3170 (1995). 8 /12




Radial distribution function: friction . '&.

o R e

® Pressure P ":
1 4 T o 102 ¢ =05 :.
— _I_ —
p = ps® [1+ 4ndgo) Tl e=07 %
® Radial distribution function = b ‘:‘
» Proposed form: O : *
*9 ¢
g 2 jo'L— €2 ' .
go = gCS | a(€7 :u)¢ 0 0.2 ¢o.4 0.6
O - O |
. (¢c B ¢)2)
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Radial distribution function: friction . '&.

o R e

® Pressure

1 4 T o 102 ¢ =05 ::
— POg _I_ —
p = ps@ [1+ 4ndgo) Tl e=07 %
® Radial distribution function = b ‘:‘
» Proposed form: O : *
*9 ¢
g 2 jo'L— €2 ' .
go = gCS | a(€7 :u)¢ 0 0.2 ¢o.4 0.6
O - O |
. (¢c o ¢)2)

1
[qﬁc = ¢c(u)]
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Radial distribution function: friction . '&.

e R

10 L
® Pressure e 500 9
61+ 4ngo] T e ¢
— 4 =
p 108 77 gO ?;;101 e — 07 ’{
e Radial distribution function = b 9’
» Proposed form: " .\:‘o-_ » i
4 2) 10— | |
gO _ gCS i C\f(67 M)¢ 0 0.2 ¢O.4 0.6
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[qﬁc = ¢c(u)]
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Radial distribution function: friction . '&.

e R

® Pressure

® 1 =20.0 ;.
1+ dndgo] T 2 10 Lt 0
— _I_ —~
p = ps¢ 1N$go Tl e=07 P
® Radial distribution function = b ‘t‘
: 10° @, P
» Proposed form: e g ¢
s 2 ) ol — ¢ ' .
go = gCS | a(e,,u)¢ 0 0.2 ¢o.4 0.6
O - O |
. (¢c D ¢)2)

1
e=0w)] et = (5+5n) -0
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Radial distribution function: friction . '&.

e

10 - . .
® Pressure > o= 0.99 *
* e=0.95
N 102l 4 ¢=0.9 — 05 i
D = ,08¢ [1 —+ 477¢g()] T 510 Y e=0.8 H b
e Radial distribution function P ! y
w
» Proposed form: ¥
(g gCS | a(ey,u)¢2\ 107 0.2 ’ 0.4 0.6
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e=0w)] et = (5+5n) -0

S. Chialvo et al. Phys. Rev. E 85, 021305 (2012). 9/12



Shear stress ratio for dense regime . &

® Garzo-Dufty (1999)
p = ps¢ 1+ 4n¢go] T

()%

® .1 =20.0
m p=0.1
pw=0.3
w=20.5
v =10
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Shear stress ratio for dense regime . &

® Garzo-Dufty (1999) o
P = IOS¢ [1 + 477¢g()] T w =01

( 2.J > pdAy o
T — v =10
5T ) F\/T
12
N — /0¢90 (1 B 62)T3/2
NZ !

T/p
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Shear stress ratio for dense regime . &

® Jenkins-Berzi (2010)
p = ps®[1+4ndgo] T

()%

® .1 =20.0
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Shear stress ratio for dense regime . &

® Jenkins-Berzi (2010)
p = ps®[1+4ndgo] T
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Shear stress ratio for dense regime . &

® Jenkins-Berzi (2010)
p = ps®[1+4ndgo] T

()%

® .1 =20.0
m p=0.1
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Shear stress ratio for dense regime . &

® Jenkins-Berzi (2010)

p = ps¢ |1+ 4ndgoe] T

()%

I'

L
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® .1 =20.0
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Shear stress ratio for dense regime '&.

® Jenkins-Berzi (2010) .. o8
p=psd[L+4ndgo] T = -0l
T (ﬁ> FYT 7 T

T L
\Length scale 645 0.5 0.55 0.6 0.65
L _ 1 G/ SLd

d 2 VT

TJenkins, J.T. and Berzi, D.
Granul. Matter 12, 151 (2010).  10/12



Shear stress ratio for dense regime . &

® Jenkins-Berzi (2010) 0.8

® .1 =20.0

P = IOS¢ [1 + 477¢g()] T w =01

pw=20.3 0.6

( 2J > pd;y pw=0.5
T — —  — v ©=1.0
5/ ) F\/T
12 p¢90 9 3/2 _
T — 1 — T 0.2
N \( <)

0.47

T/p

Length scale 045 05 o£5 06 065
L — L G/ 3 Y0
da 2 VT
® Undesirable features:
» Does not predict a yield stress ratio 1)
» Temperature diverges at ¢, 'Jenkins, J.T. and Berzi, D.

Granul. Matter 12, 151 (2010). 10/12



Modifications for dense regime ‘&

p = ps¢ |1+ 4ndgo] T

__ ( 2.J > pd~y
5T ) FT
12" popgo 2\3/2

[' = 1 — T
Jroad 17¢)
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Modifications for dense regime ‘&

® Our proposed model:
p = ps¢[1+4n¢g0| T

T_(QJ)pd‘yé
5V ) VT
12 ppgo 2\3/2
[' = 1 —e=) " %)
Jr d (I =) 2
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Modifications for dense regime &

® Our proposed model:
p = ps¢[1+4n¢g0| T

12 pogo 2\ 3 /2
I — | — e2)T3/25
/T d (1 =€) 2
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Modifications for dense regime &

® Our proposed model:
p = ps¢[1+4n¢g0| T

t

expression, i.e. leave T
unaffected

- =7
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Modifications for dense regime &

® Our proposed model:
p = ps¢[1+4n¢g0| T

t

expression, i.e. leave T
unaffected

- =7

Steady-state:

I'—~47 =0
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Modifications for dense regime &

® Our proposed model:
p = ps¢[1+4n¢g0| T

t

expression, i.e. leave T
unaffected

— T d
Steady-state:

[ —A1=0 = T=T— = § =08=

11/12



Modifications for dense regime &

® Our proposed model:
p = ps¢[1+4n¢g0| T

2J pd-y
T = ﬁ F\/T(Sl > to match DEM stress ratio
r— 12 pogy (- 62)T3/25 to retain temperature
IV 2 expression, i.e. leave T
unaffected
Steady-state:
. 0
F—’}/T:O — T:Té — 01 =09 =0
0%, 77(1)
n=n(I)=ns- = 0=
(£2)15 41 NKT,SS

S. Chialvo et al. Phys. Rev. E 85, 021305 (2012). ]0/ Ps 11/12



Modifications for dense regime &

® Our proposed model: 0.8

® 1 =20.0

p=ps@ |1 +4nogo|T | = u-0i _ e=07

nw=0.3 0.6¢ N

- ( 2J> pd’y 5 p=0.5
—5ﬁ F\/T 1 v u=1.0

12 ppgo 2\r3/2 0.2}
' = 1 —e)T%0
Jrod LT

Steady-state: | | ¢

. 0

I'—v7=0 — T:T5_1 —> 01 =09 =
2

Q2 n({)
n=mnl)=ns- — 0=
(£2)15 41 NKT,SS
Sd

S. Chialvo et al. Phys. Rev. E 85, 021305 (2012). 20/ Ps 11/12



Summary and future work

® Proposed modified KT expressions that improves

temperature, pressure, and shear stress predictions
for frictional particles and dense flows

® Will soon implement model into MFIX continuum
solver for testing on process-scale flow problems

» Inclined chutes with/without sidewalls

» Hoppers and bins
» Fluidized beds
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