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Experimentally measuring three-
dimensional granular rotations.

Zackery A. Benson
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Examples of granular materials

Ballast (bed of rocks) provides structural 
stability to railroad tracks

Photo Courtesy of JAXA

Irreversible flow

Asteroids and other ET objects can be modeled 
as granular material  

Reversible

- Collection of discrete particles that 
interact with a wide range of forces

- Inherently far from equilibrium
- Bulk properties depend heavily on 

material history
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Rotations are needed for the complete study of particle dynamics

D. V. Stager et. al. PRL, 116 (2016) 254301

Rotational motion accounts for ½ the total degrees of 
freedom

For dense systems, energy dissipation is dominated 
by frictional contacts instead of collisions

Collective rotations can emerge on multiple scales

Translations and Rotations Are Correlated in Granular Gases
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In a granular gas of rough particles the axis of rotation is shown to be correlated with the translational
velocity of the particles. The average relative orientation of angular and linear velocities depends on the
parameters which characterize the dissipative nature of the collision. We derive a simple theory for these
correlations and validate it with numerical simulations for a wide range of coefficients of normal and
tangential restitution. The limit of smooth spheres is shown to be singular: even an arbitrarily small
roughness of the particles gives rise to orientational correlations.
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Dilute systems of macroscopic particles, called granular
gases, show many novel and surprising phenomena when
compared to molecular gases. The particles of granular
gases are macroscopic bodies which in general dissipate
energy upon collision. As a consequence, such gases dem-
onstrate features which drastically differ from molecular
gases: The velocities are not distributed according to a
Maxwell-Boltzmann distribution [1–7]; equipartition
does not hold [8], and a homogeneous state is in general
unstable [9–11]. In this Letter we present another unex-
pected result: The angular and linear velocities of rough
particles are correlated in direction. In dependence on the
coefficients of restitution, characterizing the dissipative
particle properties, the rotational motion may be preferably
perpendicular to the direction of linear motion, similar to a
sliced (spinning) tennis ball, or in parallel to it, like a rifled
bullet, Fig. 1. Surprisingly, the limit of vanishing dissipa-
tion of the rotational motion does not exist, that is, any
arbitrarily small roughness leads to a macroscopic correla-
tion between spin and velocity. We present a kinetic theory
that quantifies this new effect and find good agreement
with large scale numerical simulations. It is expected that
the reported correlation between spin and linear velocity
may have important consequences in understanding natural
granular gases, such as dust clouds or planetary rings.

Model.—We consider a monodisperse granular gas con-
sisting of N hard spheres of radius a, mass m, and moment
of inertia I " qma2. While the analytical results below are
presented for general q, for the simulations we used q " 2

5
as valid for homogeneous spheres. The degrees of freedom
are the particles’ position vectors frig, translational veloc-
ities fvig, and rotational velocities f!ig for i " 1; 2; . . .N.
The dynamic evolution of the system is governed by in-
stantaneous two particle collisions, such that in general
both translational and rotational energy is dissipated. Intro-
ducing the relative velocity at the point of contact, g "
v1 ! v2 # an$ %!1 #!2&, the collision rules specify the
change of g in the direction of n " %r1 ! r2&=jr1 ! r2j and
perpendicular to n: %g ' n&0 " !"n%g ' n& and %g$ n&0 "

#"t%g$ n&, where the primed values refer to the postcol-
lision quantities. The coefficients of restitution in normal
and tangential direction, 0 ( "n ( 1 and !1 ( "t ( 1,
characterize the loss of energy and, thus, describe the
slowing down of the linear and rotational motion of the
particles. These coefficients are the central quantities in the
kinetic theory of granular gases [12]. For "n " 1 (elastic
spheres) and "t " )1 (perfectly smooth or rough spheres)
the energy is conserved, while for "n ! 0 and "t ! 0
dissipation is maximal. Combining the above collision
rules with conservation of angular and linear momentum,
allows one to express the postcollision velocities in terms
of the precollisional ones

 v 01 " v1 ! !; !01 " !1 #
!

1

aq

"
n$ !;

v02 " v2 # !; !02 " !2 #
!

1

aq

"
n$ !;

(1)

with ! " !tg# %!n ! !t&%n ' g&n and !n " %1# "n&=2,
!t " q%1! "t&=2%1# q&.

 

FIG. 1 (color). In granular gases, depending on the coefficients
of restitution, spin (red arrow) and linear velocity (gray arrow)
are oriented either preferably in parallel (cannon ball) or per-
pendicular (sliced tennis ball).

PRL 98, 128001 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
23 MARCH 2007

0031-9007=07=98(12)=128001(4) 128001-1  2007 The American Physical Society

N. V. Brilliantov et. al. PRL, 98 (2007) 128001
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Our experimental system
Material: 20,000 acrylic beads (n=1.49)
Radius = 0.25 cm
Fluid: Triton X100
Compression amplitude: 1% (~0.15cm)
Packing fraction ≈ 0.6

Fully Compressed

Decompressed

A. Peshkov et. al. PRE 100 (2019)

Confining weight
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Capturing 3D rotational motion during cyclic compression

𝑥

𝑧

Mid Cycle Motion

Mid Cycle Rotations

Track 
positions

Track 
orientations

A. Peshkov et. al. PRE 100 (2019)

Material: 20,000 acrylic beads (n=1.49)
Radius = 0.25 cm
Fluid: Triton X100
Compression amplitude: 1% (~0.15cm)
Packing fraction ≈ 0.6
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Tracking individual grains positions and orientations

A. Peshkov et. al. PRE 100 (2019)
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Two holes quantify all rotational degrees of freedom
Two cylindrical 

cavities

Fully Compressed

Decompressed
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Application of variational auto encoders for image analysis

https://towardsdatascience.com/intuitively-understanding-variational-autoencoders-1bfe67eb5daf

Encoder Decoder

Latent SpaceInput 
image
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VAE encoding handwritten digits in a 2D latent space

https://towardsdatascience.com/intuitively-understanding-variational-autoencoders-1bfe67eb5daf

This region 
corresponds to 

the digit 1
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Position identification with VAE

Good

Bad
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Application of VAE colored by pixel intensity

Latent space rotates during different training runs, but 
the feature separation remains the same

Intensity from the 
Gaussian convolution
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Orientation extraction
LoG filter

Sample volume 
taken



30 July 2021 Zackery BensonZackery Benson 13

Computing rotations

𝐶 → �̂�! '𝑞! ⋅ �̂�"
'𝑞"

The rotations for the experiment are 
calculated by the Kabsch algorithm.

𝐶 = 𝑈Σ𝑉#
Singular value decomposition

𝑑 = 𝑠𝑖𝑔𝑛 det 𝑉𝑈#

𝑅 = 𝑉
1 0 0
0 1 0
0 0 𝑑

𝑈#

𝑈 𝑎𝑛𝑑 𝑉# → left and right singular vectors
Σ → contains the singular values
𝑅 → Rotation matrix 

�̂�!

'𝑞!

�̂�"

'𝑞"

2D projection of 
rotating grain 
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Computing contact point rotations

Δ𝑈 = �⃗�" − �⃗�$ + (𝜔"×𝑑"$ − 𝜔$×𝑑$")
Relative deformation of the contact point

Δ𝑈%&' = Δ𝑆 − Δ𝑆 ⋅ D𝑑"$ Ed"$

Take the tangential component

Δ𝜔 = 𝜔" − 𝜔$

ΔU()&& = Δ𝜔×𝑑"$

𝑑"$

𝑑$"

Rolling displacement

𝜔* → angular velocity vector
�⃗�* → displacement vector
𝑑*+ → vector from center of i to the contact point

�⃗�$

�⃗�"

𝜔"

𝜔$
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Compression protocol
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Spatial distribution of displacements at full compression

𝑦

𝑧

𝛥𝑈!"#$
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Types of motion penetrates at different lengths in the sample
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Mean displacements within a cycle

Rolling displacement
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Comparison with DEM simulations

Sliding displacement

Spatial Displacement

Rotations
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