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MOTIVATION

* Reduce computational cost while improving model
accuracy

* Current speedups for MFIX approx. 120

* Current speedups for single-phase flows modeled with
RANS approx. 50,000



MODELS FOR UNSTEADY
TRANSPORT PHENOMENA

Time linearization (Hal, 1993; Cizmas & Hall, 1995; Clark & Hall, 1999)

» Small (linear) dynamic perturbation about a t(nonlinear) mean
steady flow a(x,t) = ap(x) + a1(x)e’™

Harmonic balance (Kuo et al., 1972; Hwang & Lan, 1989; Greco et al. 1997; Hall et al. 2002)

» Expand solution in terms of a Fourier series in time;
transforms from time domain to frequency domain; single
solution for each harmonic frequency included in model

Reduced-order mode

» Use dominant spatia

(Dowell et al., 1999; Cizmas & Palacios, 2003; Amsallem & Farhat,2008)

modes to represent the flow

Transfer functions and Volterra series siva, 1997; Beran & Silva, 2001; Lucia et

al., 2004)



POD-BASED
REDUCED-ORDER MODEL



POD FOR TURBOMACHINERY
AEROELASTIC ANALYSIS

A reduced-order model is not necessarily a low-fidelity solution!

Full-Order Model Reduced-Order Model, POD 40 modes
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POD FOR TURBOMACHINERY
AEROELASTIC ANALYSIS

Full-Order Model Reduced-Order Model, POD 4 modes




VoID FRACTION, €¢
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PROPER ORTHOGONAL
DECOMPOSITION (POD) METHOD

POD is also known as Singular Value Decomposition, Karhunen-
Loeve Decomposition, Principal Components Analysis, and Singular
Systems Analysis

Provides optimal basis for modal decomposition of a data set

Extracts key spatial features from physical systems with spatial
and temporal characteristics

Reduces a large set of governing PDEs to a much smaller set of
ODEs

10




POD METHOD

e Extracts:

» time-independent orthonormal basis functions ®(x)

» time-dependent orthonormal amplitude coefficients ax(tj) such that the
reconstruction

u(x,t;) = > aw(ts)er(x), i=1,...,M
k=1
is optimal in the sense that the average least square truncation error

m 2 (1)
em = < u(x,t;) = 3 an(t:) @i (x) >
k=1

is 2 minimum for any given number m=M of basis functions over all possible sets of orthogonal
functions

» Xt | TEXAS AsM

UNIVERSITY



POD METHOD

* Optimal property (1) reduces to:

/D (w(x)u* (v))o(y)dy = Ap(x) 2

{®,} are eigenfunctions of integral equation (2), whose kernel is the averaged
autocorrelation function

(u(x)u*(y)) = R(x,y) g

* For a finite-dimensional case, (3) replaced by tensor product matrix

qu:\il u(X7 t’i)uT (Y7 ti)
M

E(X, Y) —
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POD STEPS

Generate database using full-order model

Assembly autocorrelation matrix and extract
eigenmodes

Substitute approximation in governing equations and
perform Galerkin projection

Solve ODE system to obtain time coefficients and
reconstruct solution
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OTHER POD-LIKE
REDUCED-ORDER MODELS

Bi-orthogonal Decomposition (Audry, 1991)

Balanced Proper Orthogonal Decomposition (Rowley,
2005)

Dynamic Mode Decomposition (Schmid, 2010)

Dynamic Proper Orthogonal Decomposition (Freno &
Cizmas, 2015)

Constrained Proper Orthogonal Decomposition
(Reddy et al.,2017)
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MOTIVATION

POD worked fine on NASA Rotor 6/ with variable
back pressure

POD failed on NASA Rotor 67 with deforming blades

POD worked fine on Tenth Standard Configuration,
(moving blades) subsonic flow

POD failed on Tenth Standard Configuration, (moving
blades) transonic flow
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POD - NEwW APPROACH
DYNAMIC AVERAGE

Dynam1c average
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POD - NEwW APPROACH
DYNAMIC BASIS FUNCTIONS

0;(xT) = @p(x) + ) Wm@i(x)  T={m,...,%}"
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POD - NEwW APPROACH
DYNAMIC BASIS FUNCTIONS
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TRANSONIC FAN FLOW
CONDITONS

h=g
AT
D
.;,:,\\\u. =,

PA

STAGNATION PRESSURE 101,600
STAGNATION TEMPERATURE 288 K
NOMINAL BACK PRESSURE | 102,300 PA \\\\ \ F\\\
INLET MACH NUMBER 0.6098 - N \‘\\:%{"‘M\\
WHEEL SPEED 16,056 | RPM &\ ":‘:@f*“":‘:};&ﬁt
BACK PRESSURE AMPLITUDE 0.01 & \\\: %.“”’f'f%
Ar ’ 0.05 ” e ‘%/
TIP CHORD 92.18 MM
TIP RELATIVE VELOCITY' 453.9 M/S o
Pback (t) — pback‘o [1 — Ap Sin (98481t)] i

i

ki=— | — = 0.1
2 U'rel tip

TTaken from Table IX, reading 1393 in Urasek (1979) 20




TRANSONIC FAN FOM/ROM
COMPARISON: 109% CASE

Snapshot #1
Time = 0.000143646 s

Full Order Model

21

Mach_Number Mach_Number

R = 0172812 m R = 0172812 m
1.250 1.250
I 1.155 l 1.155
1.060 1.060
0.965 0.965
0.870 0.870
Q0.775 Q0.775
Q.680 Q.680
0.585 0.585
0.490 0.490
0.395 0.395
0.300 0.300

Reduced Order Model

Snapshot #1
Time = 0.000143646 s




TRANSONIC FAN FOM/ROM
COMPARISON: 109% CASE

P [Pa] Pressure [Pa]
50% Span an
143000 143000
W i32300 W i32300
122800 122800
112700 112700
102600 102600
928500 528500

824400
72300
652200

. 52100
42000

824400
72300
62200

II 52100
42000

napshot #1
ime = 0.000143646 =

Full Order Model Reduced Order Model
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GAS VOID FRACTION
BUBBLES WITH JET

GIDASPOW, MULTIPHASE FLOW AND FLUIDIZATION, P.158

12 20 28 36 MFIX
ODEX MODES
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CONSTRAINED POD WITH
KARUSH-KUHN-TUCKER CONDITIONS

Let us consider the first-order wave equation
ur +cur, =0, x€l0,1], ¢>0, (1)

with the initial condition
u(z,0) = f(z) > 0. 2)

Approximate u(z,t) using the POD method

u(e,t) & Y a;(t)g(x) (3)
i=1
a;ip; + ca;p; =0 (4)
Apply Galerkin projection
1 1
/ digbiqﬁjda:Jr/ ca;¢;p;dr =0 (5)
0 0

which to due to orthonormality of POD basis functions reduces to

1
aj +c (/O ¢§;¢jdw> a; =0 (6)
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CONSTRAINED POD WITH
KARUSH-KUHN-TUCKER CONDITIONS

a+ Ba=0 (1)

where a € R™, B € R™*™ and the elements of the B matrix are

Bi; = c ( /O 1 qbgqudx) (2)

Using an implicit time integration scheme
I+ At B)a"tt —a" =0 (3)

where I is the identity matrix of rank m, At is the time step, and a™ := a(t").
With the notation C =1+ At B,

Ca"' —a"=0 (4)
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CONSTRAINED POD WITH
KARUSH-KUHN-TUCKER CONDITIONS

Using Karush-Kuhn-Tucker condition, the non-negativity requirement is

where ® = [gbl YO ], ® € RYX™ is the matrix of POD modes, N is the number

of spatial points, and ) is the vector of KKT multipliers, A € RY. Minimizing
the functional

J — HCQn—H _Qn’|2 ‘|—AT(I)Q7H—1 (2)

which requires that

Jgn—l—l = QCQn_H — 2a"™ + (I)TA =0 (3)
Jy=®a" =0

yields the time coefficients and the KKT multipliers by solving

T
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CONSTRAINED POD WITH
KARUSH-KUHN-TUCKER CONDITIONS

Burgers equations
uy +uu, =0, x € [0,1] (1)

POD approximation and Galerkin projection yields
ar +a;a;Gir =0, ,75,k=1m (2)

where G, = fol ¢;Prprdr. For two POD modes, that is, m=2, the discretized
form of (2) becomes:

14+ al’Gi1 At alGio1 At af'f“ | a? (3)
G?GilgAt 1 —+ CL?’GZ'QQAt a721—|—1 o CLSL
Crea"™ —a" =0 (4)

where

1 -+ a?GillAt G?GiglAt ] (5)

Cnﬁ - [ GJ?’GHQAt 1+ CL,?GZ'QQAt
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CONSTRAINED POD WITH

KARUSIBI-KUHN-TUCKER CONDITIONS




CONSTRAINED POD WITH
KARUSH-KUHN-TUCKER CONDITIONS

ODEX CODEX
86 MODES 86 MODES
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WHICH STATE VECTOR TO USE?

Options:

conservative g = {p, pu, pv, pw, pE}*
primitive V= {p,u, v, w,p}*

zeta 7 ={C,u,v,w,p}"
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CONSERVATIVE FORM
PROJECTION DIFFICULTY

* Euler equations in conservative form
pt+ (pui); =0, i=1,3
(pusi) ¢ + (pusuj) j +pi =0, 4,5=1,3
(pE)’t + (,O’ZLZH)’Z — 0, 1= 1, 3

* Consider, for example, the term

o(pu®) 0O ((pu)2) _ s, (Qi(t)¢fu(w)aj(t)¢§u(m)

2 — — ;oA — MPY — MP
(pul),l or Or P o1 Oék(t)¢2(a}) ) y v, ] 07 7k 07

 Galerkin projection
0 [ci(t)g;" (x)ay;(t)es" (x)
Ox ag(t)dh (x)

* which becomes

) , Z“(w)) i,5,£ =0, M"" k=0, M”

(a%k (G G0 + PP + cuoyon Sl

: i, 7,4 =0, MP* k=0, MP"
(akdy)? ¢ )

* Since the quotient contains time coefficients (i.e., unknowns), cannot complete the summation
step and data must be stored at all nodes
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NAVIER-STOKES EQUATIONS
USING PRIMITIVE & ( VARIABLES

Primitive variables ( variables

dp du; ap 8_@_ du; d(

— + +ui— =0 + Ui =0

o Pox TMox o Cox o

%+“j du; N 1dp o azz:,- +l d%u; _0 du; ru, du; +Cap ¢ 9% u; _+_1 d%u;
dt dxj pdx; pRe\ dx; 3 dxidx; dt dx; dx; Re \ dx; 3 dx;dx;
dp N dp N du; dp N dp N du;

pe— i — e Uu; D —

or "oy TPy, o ox TP o,

—1 : : : 2 _ — - - : ) :
(y—1)u du; (311, duj 2du 51_]_) _o (y—1)u du; (811, du; B :@5 ) _0.

+ L= + y
Re dx; \dx; dx; 3dx Re dx;j\dx; dx; 39x; ~’
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Using reconstruction

G(x,t;) = Y ar(t;) u(x), i=1,....M

k=1

into governing equations yields

”Z"‘iZkﬁbiZk(x) = Jir(a,9), kel[l,D+2

i=0

Projecting along POD basis functions
i = (/A(a 9).0 (x)), je1,n%), ke [1,D+2)

System of ODEs
a—.%(a)
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STABILITY OF POD

* POD-based reduced-order models do not necessarily
retain stability of full-order models

* Approaches used to obtain stable POD
» Penalty method
» Artificial dissipation

» Modified nhumber of modes
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PENALTY METHOD

* Definition

» “on-reference conditions” = conditions identical to
those for which FOM predicted snapshots

* For on-reference conditions, boundary conditions
imposed on FOM constrain basis functions and ROM
satisfies boundary conditions

* For off-reference conditions, ROM might not satisfy
boundary conditions; boundary conditions become
compatibility constraints on ROM
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PENALTY METHOD (CONT’D)

* Penalty method used to alleviate compatibility
constraints

* System of ODEs supplemented by the projection of
difference ROM solution and prescribed boundary

condition

3:9(3) —1K. K,':(ZBC—F,QDBC{.), 1 <i<m

* Penalty parameter bounds

ELORY
© (K
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ARTIFICIAL DISSIPATION

a=%(a)+VS

* Diagonal matrix veR™™

* Projection of basis function Laplacian SeR”

* Combined artificial dissipation and penalty method
a=4%(a)+vS—-1K.

* Dissipation range

(TK—.%#(a).a)

0< V<
- (S,a)
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MODIFIED NUMBER OF MODES

* Size of system of ODEs is m =Y n*

* Jacobian of reduced-order model

7z 0% *(a)

Y da

* Part of Jacobian that accounts for effect of specific
volume on energy balance equation

i,je[1,n*], ke [1,D+2].

= 3 a2 P =P Yo P ™
d.)‘vl 3.%1 J.7
da; da3 da’,
- ns
07y 0F% 0.75
) _ y _ Yy .- en _ y
JdF! daj das da’,
a . — = ne
as
- .\l) - .\l) - —s[)
r).;c”,, ().;c”,, d.7 »
da;  da; da®,
e - nsy A
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RESULTS

Quasi-One-Dimensional Nozzle Flow

NASA Rotor 67

| Oth Stanc

| |th Stanc

ard Configuration

ard Configuration
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COMPUTATIONAL TIME

* Comparison among three models
» Two ROMs (zeta-POD, rho-POD)
» FOM
* Comparison among three flow cases
» Rotor 67
» 10th Standard Configuration

» | 1th Standard Configuration
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COMPUTATIONAL TIME
(CONT’D)

Breakdown of CPU runtime for FOM and {-POD

Case Rotor 67 10 SC 11 SC
Grid nodes, N 299,844 33,068 78,260
Snapshots per Period 50 100 100
Total Snapshots 250 500 500
FOM Snapshots [s] 388,891 473,059 2,260,688
POD Basis Functions [s] 479 173 397
POD Basis/FOM Snapshots 0.12% 0.04% 0.02%

CPU runtime: FOM vs ROM

Case N M FOM [s] ROM [s] Ratio
Rotor 67 299,844 250 4,860,247 51.30 94,749
10 SC 33,068 500 530,558 12.46 42,580

11 SC 78,260 500 2,260,688 24.35 92,841
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COMPUTATIONAL TIME

(CONT’D)
Breakdown of CPU runtime of {-POD ROM and theoretical upper limit of
speedup
Case No. ROM Upper % Upper

Periods Setup Solve ODE  Limit Limit
[s] [s]

Rotor 67 S 19.45 31.84 152,623 62%
10 SC 5 5.97 6.49 81,773 52%
11 SC 5 11.93 12.42 182,020 51%
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COMPUTATIONAL TIME
(CONT’D)

* CPU runtime with and without additional post processing for | |th Standard
Configuration

* Without post-processing: {-POD outputs only time coefficients at each time
step

* With post-processing: {-POD outputs also relative errors which require
reconstruction at each time step

Post-process
No Yes
zeta-POD [s] 24.35 189.33
FOM [s] 2.26 x 10° | 2.26 x 10°
FOM/zeta-POD 92.841 11,940
rho-POD [s] 3.77 x 10° | 3.77 x 10°
rho-POD/zeta-POD 15,469 1989

46



CONCLUSIONS

* (-POD without post-processing is five orders of magnitude

faster than FOM and four orders of magnitude faster than
traditional POD

* (-POD with post-processing is four orders of magnitude faster

than FOM and three orders of magnitude faster than traditional
POD

* (-POD was not applied yet to two-phase flows but it should
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