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WHAT IS 
ELECTROHYDRODYNAMIC (EHD)

Electrohydrodynamic [EHD] of liquids is a
transport phenomenon, which describes
the motion of the liquids subjected to
electric field.

electrospinning

electrospray

micro/nano particles porous fibers 

CHALLENGE..!!!
Find the OPERATIONAL PARAMETERS (onset voltage)



CHALLENGE..!!!
Sharp representation of the discontinuous gradient
of the electric potential (electric field E)
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Modeling 
𝛻 ∙ 𝒖 = 0

ሻ𝜕(𝜌𝒖

𝜕𝑡
+ 𝛻 ∙ 𝜌𝒖𝒖 = 𝛻 ∙ σ + 𝐟

𝛻 ∙ 𝑘𝐄 = 0

𝝉𝒆 = 𝜀 𝐄𝐄 −
1

2
(𝐄 ∙ 𝐄ሻ 𝐈

FLUIDS 

ELECTRIC FIELD  

Electric force
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leaky-dielectric model (Melcher and Taylor)



Modeling the electro-mechanical coupling
electro-mechanical 

coupling 
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𝒏 ∙ 𝝉𝒆 = 𝜀(𝑛 ∙ EሻE −
1

2
𝜀(E ∙ Eሻ 𝑛

𝛻 ∙ 𝐄 = 0

5

𝛁 ∙ 𝝉𝒆 = ∇ ∙ (𝜀𝐄ሻ𝐄 −
1

2
(𝐄 ∙ 𝐄ሻ 𝛻𝜀

Interfacial force

Body force

Since both the permittivity and conductivity are piecewise constant, one 
immediately sees that the electric force is non-zero only in the vicinity of 
the interface.



Modeling the electro-mechanical coupling
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The strong form of the governing equations can be summarized as:

For those elements that are not cut, the 
source term that include the traction 
vector (t) is canceled out by compatibility 
and equilibrium condition between the 
neighboring elements
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Finite element space 

    

    

    

    

    

    

    

The main problem originates from the

fact that FEM can represent continuous

gradients only, while in the problem at

hand gradient field passing across the

material interface is no longer

continuous
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Enriched finite element space 

discretization procedure
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In the implementation of the present work, the 
enriched DoFs associated to the discontinuities 
of the EHD problem are condensed at the 
elemental level

ONE DoF

THREE DoFs
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Two materials between horizontal electrodes in a square domain

electric potential (∅ሻ distribution electric field (𝛁∅ሻ distribution

Figure: planar test for bi-material problem. (a) Sketch of the
problem. (b) Nonconforming mesh with element size h = 0.2,
employed for standard FEM and E-FEM. (c) Approximation of
the electric potential field for 1/Q ≈ 0 using E-FEM with the
inclusion of inter-elemental D+ term in the tangent matrix

𝑘2

𝑘1

Q = 𝒌𝟏/𝒌𝟐

Q=1 Q=3 1/Q ≈ 0 Q=1 Q=3 1/Q ≈ 0 
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Figure: Numerical contours of electric potential and electric force . (a) Q = R, (b) Q > R, and (c) Q < R

Two materials circular interface
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(a) (b) (c)

Ro/h ≈ 1.5
Ro/h ≈ 5.5
Ro/h ≈ 11
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Benchmark case: Droplet deformation
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Smeared interface approach has reasonably accurate solutions for Ro/h > 
20, while E-FEM (sharp interface) solution on coarse mesh (Ro/h ≈ 8) 
gives an approximate error of 2%.
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Conductivity effect on droplet deformation 
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Figure: Snapshots at different time steps of the deformed 
droplet, for R =10.

Figure: Snapshots at different time steps of disk-type deformation (R = 0.1).



Overall, one can conclude that:

• The proposed E-FEM method accurately represents the discontinuous fields in EHD.

• The method is capable of dealing with a wide range of property ratios (liquid-liquid & gas-
liquid).

• The proposed scheme is capable of providing accurate results for arbitrary interface
orientation, exhibiting second-order of accuracy.
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