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Euler-Lagrange Methodology

▪ The carrier phase, generally fluid, is considered in Eulerian frame of reference.
▪ The dispersed phase, particles in this work, is considered in Lagrangian frame of 

reference as point-particles.
▪ Governing equations for an incompressible, isothermal fluid with particles in 

thermal equilibrium with the surrounding fluid.
▪ Particle phase:

𝑑𝐗

𝑑𝑡
= 𝐕

𝑀𝑝

𝑑𝐕

𝑑𝑡
= 𝐅𝐡 + 𝐅𝐜 + 𝐅𝐛

where,
𝐅𝐡 - Hydrodynamic force
𝐅𝐜 - Collisional force

𝐅𝐛 - External body force

Obtained from 

models (Analytical 

or Data-driven)
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▪ Fluid phase:

∇ ⋅ 𝐮 = −
1

𝜙 𝑓

𝐷𝜙 𝑓

𝐷𝑡

𝜌 𝑓
𝐷𝐮

𝐷𝑡
− ∇ ⋅ 𝜎 𝑓 =

𝐟𝐩𝐟

𝜙 𝑓

𝜎 𝑓 = −𝑝 𝐈 + 𝜇 𝑓 ∇𝐮 + ∇𝐮 𝑇

where,

𝐟𝐩𝐟 - particle-fluid coupling force

▪ Particle-fluid coupling force at a Eulerian grid point is formulated based on Hydrodynamic force of 

many point-particles in its vicinity.
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Problem Description

▪ Predict force and torque acting on a particle based on volume-averaged 
Reynolds number, particle volume fraction, mean-flow direction, and exact 
location of influential neighbors.

▪ Data generated using particle-resolved direct numerical simulation (PR-
DNS) in a triply-periodic box for stationary particles.

Inputs:

𝑅𝑒𝑖, 𝜙𝑖, ෠ത𝒆𝑖, 
𝒓1, 𝒓2, … , 𝒓𝑀

Output:

𝑭𝑖 , 𝑻𝑖
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Symmetry
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Previous data-driven studies for this N-body problem 

▪ Moore et al., JCP 385 (2019): 187-208 (Hybrid PIEP model).

▪ He et al., Powder technology 345 (2019): 379-389.

𝑭 = 𝑀𝐿𝑃 𝑅𝑒,𝜙, 𝒓1, 𝒓2, … , 𝒓𝑀
An MLP is made up of multiple layers of the following constitutive 
block:

𝑏𝑛 = 𝜎(𝑤𝑚𝑛 𝑎𝑚 + 𝑑𝑛 )

Where 𝒂 is the input array in the above definition, 𝒃 is the output 
array, and 𝜎 is an activation function.

▪ Seyed-Ahmadi et al., JFM 900 (2020).
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Pairwise-interaction Approach

▪ Recently, A. Seyed-Ahmadi, and A. Wachs (2022), Computers & Fluids 238 , 
proposed a systematic and robust NN model based on pairwise 
interaction, Akiki et al., JFM 813 (2017): 882-928.

∆𝑭𝐷= 𝒖 ෍

𝑗=1

𝑀

𝑤𝑗 𝑀𝐿𝑃1 𝒓𝑗 ො𝒆𝑥

∆𝑭𝐿 = 𝒖 ෍

𝑗=1

𝑀

𝑤𝑗 𝑀𝐿𝑃2 𝒓𝑗
ො𝒆𝑥x (ො𝒆𝑥x 𝒓𝑗)

ො𝒆𝑥x(ො𝒆𝑥x 𝒓𝑗)

Seyed-Ahmadi et al., 

Computers & Fluids 238 

(2022) 
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Hierarchical Approach
𝑭𝑖 𝑅𝑒𝑖 ,𝜙𝑖 , 𝒓1, 𝒓2, … , 𝒓𝑀

= 𝑭1𝑖 𝑅𝑒𝑖 ,𝜙𝑖

+ ෍

𝑗=1

𝑀2

𝑭2𝑖(𝑅𝑒𝑖 ,𝜙𝑖 , 𝒓𝑗)

+ ෍

𝑗=1

𝑀3−1

෍

𝑘=𝑗+1

𝑀3

𝑭3𝑖(𝑅𝑒𝑖 ,𝜙𝑖 , 𝒓𝑗 , 𝒓𝑘) + ⋯

Unary Model

Binary-interaction

Model

Trinary-interaction

Model
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Symmetry-preservation using E(3)-NN

▪ An equivariant neural network is built using the following 

constitutive block:

𝒃𝑛 =
𝜎 𝑤𝑚𝑛 𝒂𝑚 + 𝑑𝑛

𝑤𝑚𝑛 𝒂𝑚
(𝑤𝑚𝑛 𝒂𝑚)

▪ Where 𝒂 is the input list of vectors, 𝒃 is the output list of 

vectors, and 𝜎 is an activation function.
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Scalable architectures for universal predictions
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Datasets

Datasets are gathered from two different sources.
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Model Interaction-truncation

෩𝑭𝑖 𝑀2, 2 = 𝑭1𝑖 𝑅𝑒𝑖 ,𝜙𝑖 +෍

𝑗=1

𝑀2

𝑭2𝑖(𝑅𝑒𝑖 ,𝜙𝑖 , 𝒓𝑗)

෩𝑭𝑖 𝑀2, 𝑀3, 3
= 𝑭1𝑖 𝑅𝑒𝑖 ,𝜙𝑖

+෍

𝑗=1

𝑀2

𝑭2𝑖 𝑅𝑒𝑖 ,𝜙𝑖 , 𝒓𝑗 + ෍

𝑗=1

𝑀3−1

෍

𝑘=𝑗+1

𝑀3

𝑭3𝑖(𝑅𝑒𝑖 ,𝜙𝑖 , 𝒓𝑗 , 𝒓𝑘)
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Universal Force Predictions

𝑭1𝑖 𝑅𝑒𝑖 , 𝜙𝑖

෩𝑭𝑖 𝑀2 = 26, 2

෩𝑭𝑖ሾ
ሿ

𝑀2 = 26,𝑀3

= 10,3
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Universal Torque Predictions

෩𝑻𝑖 𝑀2 = 26, 2

෩𝑻𝑖ሾ
ሿ

𝑀2 = 26,𝑀3

= 10,3
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Performance Evaluation Metric

𝑅Drag
2 =

σTest samples 𝐹𝑖,(𝑥,PR) − ∆𝐹𝑖,(𝑥,NN)
2

σTest samples 𝐹𝑖,(𝑥,PR) − 𝐹𝑖,(𝑥,PR)
2

𝑅Lift
2 =

σTest samples 𝐹𝑖,(𝑦,PR) − 𝐹𝑖,(𝑦,NN)
2
+ 𝐹𝑖,(𝑧,PR) − ∆𝐹𝑖,(𝑧,NN)

2

σTest samples 𝐹𝑖,(𝑦,PR) − 𝐹𝑖,(𝑦,PR)
2
+ 𝐹𝑖,(𝑧,PR) − 𝐹𝑖,(𝑧,PR)

2

▪ 𝑅2 = 1 means a perfect model that captures the fluctuations.

▪ 𝑅2 = 0 means the model is not capturing any fluctuations at all.

▪ 𝑅2 can also be negative.
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Force Results, R2

Training and testing performance of binary-interactions and trinary-interactions 

included force models.
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Torque Results, R2

Training and testing performance of binary-interactions and trinary-interactions involved torque

models.
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Interpretability-Binary Force Maps 
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Trinary-interaction Torque Map

First neighbor (white) is at (0, 1.1, 0) relative to reference particle (red). Flow direction is along +x.
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Conclusions and Future Work

▪ Building symmetries into neural models makes them robust and 

generalizable.

▪ Systematic hierarchical approach (unary, binary, trinary) brings 

interpretability.

▪ Extending to moving particle simulations.

▪ Model deployment in large scale Euler-Lagrange simulations. 
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Thank You!

Questions?
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Binary Torque Maps
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Trinary-interaction Force Map

First neighbor (white) is at (1.1, 0, 0) relative to reference particle (red). Flow direction is along +x.


