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Diffusion Limitations in Catalyst Particles

Image from Lattanzi et al, 2021.

• reaction rates are non-trivially
temperature dependent

• effective rates may differ
substantially from nominal rates

• it is straightforward to use
modified reaction rates

• large numbers of particles
• many independent variables

• particle shape
• temperature
• free stream concentration
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Governing Equations
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Y = 0

1
Bi

∇Y · n + Y = Y∞

• assume a single effective
diffusivity D approximates
diffusion through pores

• pores are small, so velocity
is small and mass transport
is diffusion dominated

• the time scale for reactions
is small, approximate with
the steady state solution
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Why effectiveness factors?

If the reaction rate at a point in the particle is

ω̇ = kερgY

We want the total conversion rate∫
Ω

ω̇ dV = kερg

∫
Ω

Y dV .

If we define the effectiveness factor η as

η =
1

Y∞Vp

∫
Ω

Y dV

then the total conversion in the particle is

1
Vp

∫
Ω

ω̇ dV = η k ερg Y∞.
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Nondimensionalization

Dimensional Quantities:
• geometry

• chords [L]
• volume [L3]

• surface area [L2]

• k/D [L−2]

Λa = 3V
S

√
k
D

Aris 1957
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Chemical engineers worry about the magnitude of
Λa rather than the precise value.

We aim to quantify the error in η.
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The Estimates

Aris (1957)

Λa =
3 V
S

√
k
D

1
ηa =

1
ηa

d
+

1
ηa

b

where

ηa
d =

3
Λa

(
coth Λa −

1
Λa

)
,

and

ηa
b =

3
Λa2 Bia

Burghardt and Kubaczka (1996)

Λb = Rb

√
k
D

1
ηb =

1
ηb

d
+

1
ηb

b

where

ηb
d = 2 d + 1

Λb

Id+1(Λb)

Id(Λb)

and

ηb
b = 2 (d + 1)Bib

Λb2 .
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Burghardt and Kubaczka’s Estimate - Inspiration

Bessel Functions
η

Sphere 3
Λb

I3/2(Λb)

I1/2(Λb)

Cylinder without Ends 2
Λb

I1(Λb)

I0(Λb)

Slab 1
Λb

I1/2(Λb)

I−1/2(Λb)

d =
S

2 V Rb − 1 2(d + 1)
Λb

Id+1(Λb)

Id(Λb)
?

Effective Radius Rb

Burghardt 1996
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Cylinders

R

H

• very common catalyst shape

• aspect ratio γ =
H
2R

• sphericity φ =
3
√

36πV
S
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Cylinders at Infinite Biot Number
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Cylinders, Finite Biot Number, γ = 4, φ ≈ 0.734
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Thiele Modulus (Λa)
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Ellipsoids

• sphere perturbation
• smooth

x2 +
( y

El

)2
+
( z

El Fl

)2
= 1

1

2E
lF

l

2 El
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El = 2, Fl = 2, φ ≈ 0.812
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Does error correlate with sphericity?

ηa
d − η
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What about a general shape?

 x(θ, φ)
y(θ, φ)
z(θ, φ)

 =


∑lmax

l=0
∑l

m=−l cm
x Y m

l (θ, φ)∑lmax
l=0
∑l

m=−l cm
y Y m

l (θ, φ)∑lmax
l=0
∑l

m=−l cm
z Y m

l (θ, φ)


Choose cm

d at random in a manner that preserves certain metrics.
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Input

2 3 4 5 6 7 8 910111213

`

d
`

Granule Shape

PDE Solution

Effectiveness Factor

η ≈ 0.6676

Random
Selection

FE Solve

Integrate

Reduced
Order
Model
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2 ≤ ` ≤ 5 6 ≤ ` ≤ 10 11 ≤ ` ≤ 15 All `
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Random Granules
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Random Granules

only low modes
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Use the Aris-type estimate,
regardless of geometry.

National Academies Press
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Thank you for listening.

Any questions? (manuscript in
preparation)
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